The paper is concerned with the stability theory of the efficient solution map of a parametric vector optimization problem. Utilizing the advanced tools of modern variational analysis and generalized differentiation, we study the calmness of the efficient solution map. More explicitly, new sufficient conditions in terms of the Fréchet and limiting coderivatives of parametric multifunctions for this efficient solution map to have the calmness at a given point in its graph are established by employing the approach of implicit multifunctions. Examples are also provided for analyzing and illustrating the results obtained.
Introduction
The paper mainly deals with the stability theory of parametric vector optimization problems. We first give some notation and definitions.
Let f : P × X → Y be a vector function, where X and Y are Banach spaces, and P is a metric space. Let K ⊂ Y be a pointed, closed and convex cone with apex at the origin. Definition 1.1 We say that y ∈ A is an efficient point of a subset A ⊂ Y with respect to K if and only if (y − K ) ∩ A = {y}. The set of efficient points of A is denoted by Eff K A. We stipulate that Eff K ∅ = ∅.
We consider the following parametric vector optimization problem:
where x is the unknown (decision variable) and p ∈ P a parameter.
For each p ∈ P, we put
and call F : P ⇒ Y and S : P ⇒ X the efficient point multifunction and efficient solution map of (1.1) respectively.
Stability analysis in vector optimization has attracted considerable attention of many researchers. One of the main problems here is to find sufficient conditions for the efficient solution map S to have certain stability properties. We refer the reader to [1] [2] [3] [4] [5] [6] [7] [8] [9] 11, 12, 22, [27] [28] [29] and the references therein for more details and discussions.
A multifunction F : P ⇒ Y from a metric space (P, d) into a Banach space Y is calm at a given point (p,ȳ) of its graph (see, e.g., [25, 23] ) if there exist neighborhoods U ofp, V ofȳ and a real number > 0 such that Calmness of multifunctions plays an important role in many issues of mathematical programming like optimality conditions, error bounds, weak sharp minima, metric subregularity, or stability of solutions. The reader is referred to [13] [14] [15] 18, 30, 31] and the references therein for various characterizations and applications.
In this paper we use advanced tools of modern variational analysis and generalized differentiation to study the calmness of the efficient solution map S of (1.1). More precisely, new sufficient conditions in terms of the Fréchet and limiting (Mordukhovich) coderivatives [23] for the efficient solution map S to be calm at a given point in its graph are established by using the approach of implicit multifunctions (see [16, 20, 21] ). Our approach is based on a technique of implicit multifunctions which involves the Ekeland variational principle [10] and the fuzzy sum rule for Fréchet subdifferentials [23] .
The rest of the paper is organized as follows. In Sect. 2, we first provide the basic definitions and notation from variational analysis and set-valued analysis. Then we recall some known auxiliary results which will be useful hereafter. The main results will be presented in Sect. 3 where we first provide sufficient conditions for an implicit multifunction to be calm at a given point and then derive the calmness of the efficient solution map S of (1.1) by means of exploiting these implicit multifunction results. Moreover, examples are provided to illustrate the results.
